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1 Introduction 

Let Z? be a domain in C" and Aut{D) be the group of all biholomorphie automor- 
phisms of D. Let V G D he fixed and define the map Cyi Aut{D) D x Gl{n) 
by / I— > (/(v), /*t,). The theorem of H. Cartan (see Narasimhan, 0|, p. 169) can 
be stated as foUows. 



Theorem 1.1 Let D he hounded. Then: 
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1. The group Aut{D) possesses a natural Lie group structure compatible with 
the compact-open topology such that the action Aut{D) x D ^ D is real 
analytic. 

2. For all V G D the map Cv is a real-analytic homeomorphism onto its 
image. 

The domains we discuss here are open connected sets defined by finitely 
many real polynomial inequalities or connected finite unions of such sets. These 
are the dom ains in the so-called "semi-algebraic category" defined below (Def- 
inition 2.1). For this reason we call them "semi-algebraic domains". In this 
paper we are interested in the algebraic nature of the image of Aut(D) and its 
subgroups in D x Gl{n) under the map C„. 

Example. 1. The simplest example of a semi- algebraic domain is the unit 
disk D — {\z\ < 1}. For this domain 

Aut{D) ^ PGL2{R)+ -.^ {A e PGL2(R) | det A > 0}. 

We see that Aut{D), as a subgroup of PGL2(M), is defined by an inequahty and 
therefore is not an algebraic subgroup. In fact, the group Aut{D) here does not 
admit algebraic structure as a Lie group. 

To show this, assume that there is a Lie isomorphism (p: PGL2{M.)+ G, 
where G is a real algebraic group. It continues to an isomorphism of com- 
plexifications (/?'': PGL2 (C) G^ . The latter, being a Lie isomorphism be- 
tween semi-simple complex algebraic groups, is algebraic. Since G C G"' is 
real algebraic, so is its preimage {ip^)~^{G) = PGL2{R)+. On the other hand, 
PGL2(K)+ C PGL2{C) is not real Zariski closed. This is a contradiction. 

Q. E. D. 

Example. 2. More generally let D be a bounded homogeneous domain in 
C". By the classification theorem of Vinberg, Gindikin and Pyatetskii-Shapiro 
(see |ll[. Theorem 6, p. 434), D is biholomorphic to a homogeneous Siegel 
domain of the 1st or the 2nd kind. Such a domain is defined algebraically in 
terms of a homogeneous convex cone ([|ll|) . Rothaus ((l^) gave a procedure 
for constructing all homogeneous convex cones. The construction implies that 
all homogeneous convex cones, and therefore all homogeneous Siegel domains of 
the 1st and 2nd kind, are defined by finitely many polynomial inequalities. The 
Siegel domains are unbounded but they are birationally equivalent to bounded 
domains which are also defined by finitely many polynomial inequalities and 
therefore are semi- algebraic. Thus, D is biholomorphic to a bounded semi- 
algebaic domain. 

The automorphism group Aut{D) of a bounded homogeneous domain was 
discussed by Kaneyuki (see Q]) where he proved in particular that the iden- 
tity component Aut{D)'^ is isomorphic to an identity component of a real al- 
gebraic group (H|, Theorem. 3. 2., p. 106). Let xq G D be a fixed point. Since 
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D = Aut{D) / 1 so{xo) and the isotropy group Iso{xo) is compact, the automor- 
phism group Aut{D) has finitely many components. Together with the result 
of Kaneyuki this implies that Aut{D) is isomorphic to an open subgroup of a 
real algebraic group. 

In the above examples the automorphism group Aut{D) is isomorphic to 
an open subgroup of a real algebraic group. Therefore, it admits a faithful 
representation. For general domains however the automorphism group does not 
admit a faithfull representation. 

Example. 3. Let 

D := {(z,w) G C2 I + \w\^ <l,w^ 0} 

be the unit ball in with a unit disk removed. Wc consider £> as a subset 
of with homogeneous coordinates ^0)^1)^2) z = ^i/^o, w = ^2/^0- The 
automorphism group of D is Aut{D) = SU{1,1) x with the action on D 
given by 

The isomorphism K:C ^ JCJ-^ between S'LaW and SU{1,1) (J = 

( . ^ j) yclds an effective action of SL2{R) on D. Furthermore, each map 

jx'-SL2{^) D, jx{C) := Cx induces an isomorphism between fundamental 
groups 7ri(/S'i2(IR)) = i^iiD) = Z. This implies that the induced action of a fi- 
nite covering of SL2 (K) on D lifts to an effective action on the finite covering D' 
of D of the same degree. But no covering of SL2 (R) admits a faithfull represen- 
tation (because every such representation factorizes through a representation of 
/S'L2(C)). On the other hand, the map (z, w) (z, ^/w) defines an isomorphism 
between a finite covering of D of degree d and a bounded semi-algebraic domain 

b c c^. 

In this example the group Aut{D) is not isomorphic to an open subset of an 
algebraic group. Moreover, even in case it is, the action Aut{D) x D D can 
be "far from algebraic" . This phenomena is shown in the following example. 

Example. 4. Let F = C/A be a complex elliptic curve and V:F ^ the 

Weierstrafi P- function which defines a 2 — 1 ramified covering over P^. The 
strip {z G C \ c — e < Imz < c + e} covers a "circle strip" D C C/A. Let D be 
the projection of D on P^. If the constant c is generic and e is small enough, 
the projection of D is biholomorphic. The real algebraic group C C/A acts 
by translations on D which yields an effective action on D. Since the domain 
D is bounded by real elliptic curves, it is therefore semi-algebraic. However 
the action of is expressed in terms of the Weierstrafi 'P-function and is not 
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algebraic. In fact there is no homomorphism of in a real algebraic group 
G such that the action x D ^ D is given by restrictions of polynomials on 
G. This follows from the classification of 1-dimensional Nash (semi-algebraic) 
groups given by Madden and Stanton (see Q). 

We see therefore that even in simple cases the class of real algebraic groups 
and their subgroups is not large enough to describe the group Aut{D) and its 
action on D. Consequently, we consider a larger class of groups where defining 
inequalities are allowed. 

Definition 1.1 1. A Nash function is a real analytic function f = 
(/i, . . . , /,„): U — > M™ (where U is an open semi-algebraic subset of R"^ 
such that for each of the components fk there is a nontrivial polynomial 
P with P{xi, . . . ,Xn, fk{xi, . . . ,Xn)) = for all {xi, . . . ,x„) G U. 

2. A Nash manifold M is a real analytic manifold with finitely many coor- 
dinate charts (pf.Ui Vi such that Vi C M" is semi- algebraic for all i and 
the transition functions are Nash (a Nash atlas). 

3. A Nash manifold is called afRne if it can be Nash (locally closed) imbedded 
in M.^ for some N . 

4- A Nash group is a Nash manifold with a group operation {x, y) — )■ xy^^ 
which is Nash with respect to every Nash coordinate chart. 

Remark 1.1 The simplest example of a Nash manifold which is not affine is the 
quotient M/Z with the Nash structure inherited from the standard Nash structure 
on R. For the classification of such groups in the one- dimensional case see 
J. J. Madden and C. M. Stanton in J^. 

Roughly speaking, the goal of this paper is to prove that the automorphism 
group Aut(D) of a semi-algebraic domain D has a natural Nash group structure 
such that the action Aut{D) x D ^ D is also Nash. For this we need a certain 
non-degeneracy condition on the boundary of Z?. To give the reader a flavour of 
the main result, we first mention an application for the algebraic domains intro- 
duced by Diederich and Fornsess ( ||] ) , for which this condition is automatically 
satisfied. 

Definition 1.2 (see Diederich-ForntEss, ^) A domain D CC C" is called 
algebraic if there exists a real polynomial r{z, z) such that D is a connected 
component of the set 

{z e C" I r(z,z) < 0} 

and dr{z) ^ for z G dD. 
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Theorem 1.2 Let D CC C", n > 1, be an algebraic domain. The group 
Aut{D) possesses a unique structure of an affine Nash group so that the action 
Aut{D) X D D is Nash. For all v £ D, Cy-. Aut{D) D x Gl{n) is a Nash 
isomorphism onto its image. 



Corollary 1.1 Let D be as in Theorem Li. Then the group Aut{D) has finitely 
many connected components. 



Remark 1.2 In general the number of components of Aut{D) can be infinite. 
For example, let H := {z £ C \ hnz = 0} be the upper half-plane and 

H:=HU\J B,{n), 

where B^in) is the ball with centre n and radius e < 1/2. Let D (Z be the 
union of H x H and (H+i) x H. Then D is biholomorphic to a simply connected 
bounded domain. The flat pieces of the boundary of D admit canonical foliations 
z = const and w = const. The latter s induce foliations of D of the same form 
which are preserved by the automorphisms (see Remmert and Stein ^). By this 
argument one shows that Aut{D) = M Z. 

For the formulation of our main result we need the following condition on D, 
which is automatically satisfied for all bounded domains with smooth boundary, 
in particular, for all algebraic domains. 

Definition 1.3 1. A domain C C" or its boundary is called Levi-non- 
degenerate, if there exists a point xq G dD and a neighborhood U C C" 
of xq such that 

Dnu ^ {z eU \ ip{z) < 0} 

for a -function ip with dip ^ and such that the Levi form in xq 
Lr{xo) := ^ dzdz ^ 

k,l=l 

restricted to the holomorphic tangent space of dD in xq is non-degenerate; 

2. A domain D C C" or its boundary is called completely Levi-non- 
degenerate, if every boundary point outside a real analytic subset of 
dimension 2n — 2 is non- degenerate in the above sense. 

Now let D be semi-algebraic and consider the subset Auta{D) C Aut{D) 
of all (biholomorphic) automorphisms which are Nash. In the following sense 



Nash automorphisms are branches of algebraic maps (see Proposition 2.5) 
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Definition 1.4 Let D be a domain in C". A holomorphic map f G Aut{D) 
is a branch of an algebraic map if there exists a complex n-dimensional 
algebraic subvariety G C C" x C" which contains the graph of f . 

The following is the main result of this paper. 

Theorem 1.3 Let D CC C", n > 1, be a semi- algebraic Levi-non- degenerate 
domain. Then 

1. Auta{D) is a (closed) Lie subgroup of Aut{D), 

2. Auta{D) possesses a unique structure of an affine Nash group so that the 
action Auta{D) x D ^ D is Nash. 

3. For all v Cz D, Cyi Auta{D) —^Dx Gl{n) is a Nash isomorphism onto its 
image. 



Theorem 1.2 is now a corollary of Theorem |l.3| . This is a consequence of the 
following result of K. Diederich and J. E. Fornaess (|^). 

Theorem 1.4 Let D CC C" be an algebraic domain. Then Auta{D) = 
Aut{D). 

Remark. The proof of Theorem 1 .4 makes use of the reflection principle (see 
S. Pincuk, [^) and basic methods of S. Webster (||l^) which are also fundamen- 
tal in the present paper. Due to the results of K. Diederich and S. Webster ([F 



and of S. Webster ([^) on the continuation of automorphisms, Theorem L3 
can be applied to every situation where the automorphisms can be C°° extended 
to the boundary. 

K. Diederich has informed the author that he and S. Pincuk recently proved 
that, under natural non-degeneracy conditions on the boundary, automorphisms 
of domains are always almost everywhere continuously extendable. Applying 
this along with the reflection method, one would expect Aut{D) — Auta{D) 
for D a semi-algebraic domain with dD completely Levi-non-degenerate. Thus 
Theorem |l .3| applied to this situation would show that Aut{D) is an affine Nash 
group acting scmi-algebraically on D. 

Acknowledgement. On this occasion I would like to thank my teacher 
A. T. Huckleberry for formulating the problem, for calling my attention to the 
relevant literature and for numerous very useful discussions. 



2 Real semi-algebraic sets 

Here we present some basic properties of semi-algebraic sets which will be used 
in the proof of Theorem 1.3. For the proofs we refer to Benedetti-Risler 
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Definition 2.1 A subset V of M" is called semi-algebraic if it admits some 
representation of the form 

where, for each i = 1, . . . , s and j = 1, . . . , r.^, Vij is either {x G M" | Pij (x) < 0} 
or {x € I Pij{x) = 0} for a real polynomial Pij. 

As a consequence of the definition it follows that finite unions and inter- 
sections of semi-algebraic sets are always semi-algebraic. Moreover, closures, 
boundaries, interiors (see Proposition |2.2| ) and connected components of semi- 
algebraic sets are semi-algebraic. Further, the number of connected components 



is finite (see Corollary 2.1). Finally, any semi- algebraic set admits a finite semi- 



algebraic stratification (see Definition 2.3 and Proposition 2.1) 



The natural morphisms in the category of semi-algebraic set are semi- 
algebraic maps: 

Definition 2.2 Let X C M" and Y C M" be semi- algebraic sets. A map f: X 
Y is called semi-algebraic if the graph of f is a semi-algebraic set in ]R"'+". 



Definition 2.3 A stratification of a subset E ofW^ is a partition {Ai]ii=j of 
E such that 

1. each Ai (called a stratum^ is a real analytic locally closed submanifold of 

2. if Ai n Aj ^ 0, then Ai D Aj and diva Aj < dim (frontier condition) . 

A stratification is said to be finite if there is a finite number of strata and to be 
semi-algebraic if furthermore each stratum is also a semi- algebraic set. 



Proposition 2.1 Every semi-algebraic set E C M" admits a semi- algebraic 
stratification. 



Corollary 2.1 Every semi- algebraic set has a finite number of connected com- 
ponents and each such component is semi-algebraic. 



Proposition 2.2 Let X be a semi- algebraic set in W" . Then the closure X , its 



interior X , and its boundary dX are semi- algebraic sets. 
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Using Proposition p.l| , dimension of a semi-algebraic set is defined to be the 
maximal dimension of its stratum. This is independent of the choice of a finite 
stratification. 



Proposition 2.3 Let Y C K.™ be a semi-algebraic set ofdimY < k. Then it is 
contained in some real algebraic set Z with dimZ < k. 



The following results on images and local triviality of semi-algebraic maps 
will play an important role in the present paper. 



Theorem 2.1 (Tarski-Seidenberg) Let f:X^Ybea semi- algebraic map. 
Then the image f{X) d Y is semi- algebraic set. 

Further we need the Theorem on local triviality (see Benedetti-Risler Q, 
Theorem 2.7.1, p. 98). 



Theorem 2.2 Let X and Y be semi-algebraic sets and let f: X ^ Y be a 
continuous semi- algebraic map. Fix a finite semi- algebraic partition of X , 
{Xi, . . . , Xii\. Then there exists 

1. a finite semi-algebraic stratification {Yi, . . . , Yfe} of Y ; 

2. a collection of semi-algebraic sets {Fi, . . . , Fk} and, for every i — I, . . . ,k, 
a finite semi-algebraic partition {Fn, . . . , Fir} of Fi (typical fibres); 



3. a collection of semi-algebraic homeomorphisms 
gcf~\Y,)^Y,xF,, i = 

such that 
(a) the diagram 



f 



Y 



Y, X F 



Y, 



is commutative (p'.Yi Fi ^ Yi is the natural projection); 
(b) for every i — 1, . . . , k and every h — I, . . . ,r, 

g^{f-\Y^)f^Xh) = YxF,h■ 



Remark 2.1 In the above setting one says that f is a trivial semi- algebraic 
map over Yi with typical fibre Fi and structure homeomorphisms gi . 
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Further, we shall use the following proposition from real algebraic geometry 
(see [0, Proposition 3.2.4). 



Proposition 2.4 Let V (Z he a real algebraic variety. The set of singular 
points is an algebraic set properly contained in V . 



The following Proposition provides a motivation for Definition 1.4. 



Proposition 2.5 The Nash automorphisms f e Auta{D) are branches of alge- 
braic maps. 

Proof. Let / G Auta{D) be a Nash automorphism. Then / is holomorphic 
and semi-algebraic. Every coordinate fj'.D C is also holomorphic and, by 



Theorem 2.1, semi-algebraic. By Proposition 2.3, there exist rea l alg ebraic 
sets Zj of (real) codimension 2 with T C Zj. By Proposition 'ZA, there 
exists a regular point {wo,f{wo)) e T f- where T f- is locally given by two real 
polynomials Pi{z, z), P2{z, z) or by a complex one P{z, z) := Pi{z, z)+iP2{z, z), 
such that dP ^ 0. The latter property implies that either dP or dP ^ 0. 
We can assume that dP ^ 0, otherwise P can be replaced with P. 

Let P{z, z) = P'{z) + P"{z, z) be a decomposition of P in the holomorphic 
part P' and the remainder P" which consists only of terms with non-trivial 
powers of z. The part P' is not zero because dP' = dP ^ 0. We wish to prove 
that T f. is locally defined by the holomorphic polynomial P'{z). The identity 



P{w,f,{w),w,f,{w)) = Q 

for all w near wo implies in particular the vanishing of the Taylor coefficients of 
w*^ for all multi-indices k. But these coefficients are just 

1 9lfc|p'(u;,/j-(H) 

and their vanishing means the vanishing of P'{z, fj{z)). 

Thus the graph P^^. is locally defined by a holomorphic polynomial Pj and 
the polynomials Pi , . . . , P„ define the n-dimensional algebraic variety required 
in the definition of a branch of an algebraic map. 

Q. E. D. 

We shall also make frequent use of Chevalley's theorem on constructiblc sets 
(see Mumford §, p. 72). 

Definition 2.4 A subset A £ C" is called constructible if it is a finite union 
of locally closed complex algebraic subvarieties. 
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Remark 2.2 Constructible sets are semi- algebraic. 



Theorem 2.3 (Chevalley) Let X and Y be affine varieties and f: X ^ Y 
any morphism. Then f maps constructible sets in X to constructible sets in Y . 



3 A scheme of the proof 



The proof of Theorem 1.3 can be divided in two steps. The essential ingredient 
for the first step is the method of S. Webster (see ||l^) based on the reflection 
principle (see S. Pincuk, ||]). We use it to construct an appropriate family of 
graphs of automorphisms from Auta{D). In fact we construct a constructible 
family F which fibres contain automorphisms from Auta{D). This is carried 



out in sections H and 4.3 



In the second step we show using the family constructed in the first step that 
the set Cv{Auta{D)) is Nash. Taking a neighborhood where Cv{Auta{D)) is not 
empty and closed and taking its pullback in Aut{D) we obtain a neighborhood 
where Auta{D) is closed, which implies statement 1. in Theorem |l.3[ In fact 
we prove that the exact family of graphs 

r := {{CM),w,f{w) I / e AutaiD), w E C"} 

is Nash. If we identify Auta{D) with Cv{Auta{D)), T is the graph of the action 
Auta{D) xD ^ D. This proves statement 3. To obtain statement 2., we observe 
that group operation can be defined semi- algebraically in terms of T. Here we 
use the theory of semi-algebraic sets and their morphisms. 



4 Reflection principle 



Let D CC C" be a semi- algebraic Levi-non-degenerate domain. By Proposi- 



tion 2.2, the boundary dD is semi-algebraic. By Proposition 2.3, there exists 



a real algebraic set H of dimension 2n — 1 which contains dD. Let Hi be irre- 



ducible components of H of dimension 2n — 1. By Definition 1.3, the Levi form 



of some component of H, let say of Hi, is not everywhere degenerate. 

To every irreducible hypersurface Hi we associate a real Zariski open set 
Ui C C" and a real polynomial ri{z, z) with HiHUi = {r^ = 0} n C/i and dr 
on Ui. By Proposition 2.4, such Ui^s and r^'s exist. 



Let / G Auta{D) be any fixed map which is, by Proposition 2.5 a branch 
of an algebraic map and V C C" x C" be the corresponding n-dimensional 
algebraic subvariety which contains the graph of /. We wish to extend / in a 
neighborhood of a boundary point x € Hi . Outside a proper complex algebraic 
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subvariety V C V the variety V defines / and /^^ as possibly multiple- valued 
algebraic maps. Since dime V = n, dime V < n — 1. Since dimR Hi = 2n ~ 1, 
there exists a point x G HiDUi and a neighborhood U C Ui oi x such that V is 
a trivial covering over U and all sections of this covering define biholomorphic 
maps onto their images. One of these maps coincides with / over D DU. This 
map yields the desired extension of /. Since / is an automorphism of D, it 
maps Hi nU into dD. 

Notation. Let i = i{f) be such that f{Hi nU) C Hi. Let wq e Hi n U he 
an arbitrary point such that for w'q = f{wo) one has dri{wQ) ^ 0. 

We use the notation 

r ri,r' := n,H := Hi, and H' := H,. 
Then f[H DU) C H' and we have a relation 

r'{f{z),f{z)) = g{z,z)r{z,z), (1) 

where g{z,z) is real analytic. 

Let z = x + iy, where x and y are real coordinate vectors. Since the functions 
in are given by power series in {x,y), they are still defined for complex 
vectors x and y near wq. This is equivalent to varying z and z independently. 
The relation (|]) persists: 

r'{f{z),f{w))^g{z,w)r{z,w). (2) 

Now we consider the spaces Z := U\ Z' -.^ C'\ W := C" and W := C" 
and define the complexifications H C Z x W and H' C Z' x W' by 

r{z,w)=0, r'{z',w')^0. (3) 

The so-called Segre complex varieties associated to the points w € W are 
defined by 

Q„ = {zeZ|r(z,u;) = 0}. 

Since g{z, Hj) is holomorphic for z and w near wq, we see from (j^) that the map 
:= f X f takes {z} x Qz into {z'} x Q'^,, where z' = f{z). Hence, the family 
of complex hypersurfaces {z} x Qz is invariantly related to H. 

Since r(z, z) is real, we have 

r{z,'w) = f{w,z) — r(u>,z), 
so that z e Qw w e Qz- Also z ^ Qz z E H. Since r is real and 
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dr = dr + dr does not vanish at wq (resp. r' is real and dr' — dr' + dr' does 
not vanish at Wg), we have 

(9r(z,7x;) ^ 0, dr'{z\w')^0 (4) 

for z and w near wq and for z' and near Wq. 

The relation imphes that Qw is non-singular in z if (z, iZ)) is near (wq, wq). 
Let 7r2(ui) denote the complex tangent space T^Qw as an element in the grass- 
manian Gn,n-i- It follows that tt^ is an antiholomorphic map from {z} x Qz to 
Gn,n-i- S. Webster proves the following fact ((l2j, p. 55, Lemma 1.1): 

Lemma 4.1 Tfte antiholomorphic map nz{w) is locally invertible near the 
points of H where the Levi form is non-degenerate. 

Since the Levi form of U H H is non-degenerate, and a biholomorphic map 
preserves this property, the Levi form of H' is non-degenerate around w'q = 
f{wo) S H' . By Lemma [4.l| , tt^ and tt^, are locally invertible for {z,w) near 
{wojWq) and {z',w') near {w'q,Wq). 

The first step of Webster's method is to describe the map / between Qz and 
Q'z,- We have seen that / takes into Q^,, w' = f{w). We take w € Qz- 
Then all Q^'s pass through the point z and all Q^/'s through z'. Therefore the 
differential /^^ S Gl{n) takes T^Qw into Tz>Q'^,, i.e. 7r^(u') into 7r2'(i(}'). These 
considerations mean that the restriction /|q, can be decomposed as follows 
(|l|,p. 56): 

wi — > TjQtt, I — > Tz>Q^,^w, (5) 

where the second — !■ is the natural map between 

grassmanians which is induced by the differential /*^: TzZ ^ Tz' Z' . 

The decomposition implies that for w G and w' — f{w), z' — f{z) 
and q — ff,z S Gl{n) the following relation is satisfied: 

Tr'Aw') = Jn-l{q){^.{w)). (6) 

This relation expresses the restriction :— /|q, in terms of parameters 
(z, z', g) G Z y. Z' X Gl{n). This is of great importance for our parametrization of 
the graphs of elements of Auta{D). Hence we underline this fact by introducing 
the notation 

<i>{z,z',q):Qz^Q'z, (7) 

for (f> := /Iq^. We write the conjugate variables for arguments of in order to 
emphasize that (j) depends holomorphically on them. 

The idea of the second step is to express the map / in terms of restrictions 
/Iq^. This is done separately for n — 2 and n > 3. 
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4.1 The case n > 3 



Let zq & U Qwg be any point. Lemma LI gives points vi, . . . ,Vn £ Qzq near 
Wo such that all are non-singular and transverse in zq and the algebraic 
curve 7, defined by 

r{z,vi) = ■ ■ ■ = r{z,Vn-i) = (8) 

is transverse to Qwq- Every w near wq lies in some Qz^z S 7, namely for 
2: € 7 n Qw Therefore, to describe f{w) we need only to consider restrictions 

Given the values z' = /(z) and differentials q ~ G Gl{n), the map /|q^ is 
determined by (ph. Since 7 C Q^^, the values z' = f{z) along 7 are determined, 
in turn, due to by parameters {vi, v'itW) = {vi, /(^i), f*vi)- Namely, we use 
the map in (iZt) and set 



(9) 



Further, the differentials /,2 along 7 can be expressed in terms of parameters 
{vi,Vi,li) = (wi, /(i^i), Consider the differential 1-forms 

9a = dr{z,Va)- 

They define a frame in the cotangent spaces. Let 

{Yj = Yj{z,vi, . . . ,Vn~i,w),j = 1, . . . ,n} 

be the dual vector field frame. This frame has rational coefficients in the vari- 
ables (z, ui, . . . , Vn-i,w) and satisfies the conditions 



Yi is transverse to and tangent to (5„2 , 
Y2 is transverse to Qy,^ and tangent to Qy-^ , 
Y^, . . . ,Yn are tangent to Q^^ n Q^^ . 



(10) 



Similar differential 1-forms 9'^ and frame vector fields Y- are constructed for 
H' . Relative to these two frame fields 



where 



qil 
922 

gi/3 92/3 QaP 



(11) 



a, P — 3, . . . ,n. 

The functions qu, qip, qap are determined by values of / along Qvi, i.e. 
by (/){vi,v'i,li) (where v'l — f{vi) and li = /*t,i). Similarly, 922 and 92/3 are 
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determined by 0(w2,f2,^2)- These dependencies can be expressed by relations 



911 


= e[{ 




v'iM)yi). \ 


qi0 


= ^i(< 






(lap 


- e'ai 


i>*z{vi 




922 




i>*z{v2 


V'2M)Y2), 


92/3 


= 0^0 


i>*z{v2 


v'2M)Yp), 


912 


= 921 


= 9al 


= 9a2 = 0. . 



(12) 



Thus, the map / is completely determined by parameters Vj € Vj := C", v'j € 
:= C" and k e Lj := Gl{n), j = 1, . . . , n. 



4.2 The case n 



In case n = 2 there are no frames with properties ( p^ and another construction 



(|12], p. 58) is needed. By Lemma 4.1, two points CijCs G Qwo can be chosen 



such that and Q(^2 non-singular and transverse in wq. Then choose 
Vi G and V2 G such that each Qy. is non-singular in Q and transverse 
to Qujo there. Now fix vi and V2 and let zi and Z2 move along and Q^jja 
respectively. For zi and Z2 near Ci and it follows that Qz^ and are still 
transverse near wq and intersect each other in a single point w there. Conversely, 
for given w near wq , Qw intersects each Qy . transversely in a point Zj near C,j . 
In this way a local biholomorphic correspondence between w E W{:— C") and 
(zi,Z2) G Qt>i X Qv2 is obtained. It is defined by relations 

r{w,Zj)^0 ( ZjGQyj), j = l,2; (13) 

r(z;,,z,) =0 (^ z.eQy^). (14) 

Further, set Wq := f{wo), Q := /(Cj), :— f{vj). All transverse properties 
are preserved by the biholomorphic map /. Again, one obtains a local biholo- 
morphic correspondence between w' € W' and (2^,23) G QuJ x Qv'^, which is 
defined by 

r'iw',z'j) = o w'eg;,); (15) 

r'(i,;.,z-) = (^ 4gQ;,). (16) 

Since the Segre varieties Qz are invariant with respect to /, if z'j := f{zj), 
one obtains the corresponding point w' = f{w). Thus, / can be decomposed in 
the following way: 

W^Qy.x Qy, ^ Q'„, X Q[,, W. (17) 



14 



The middle map here is in fact /|q„j x /|q„,j which is equal to v[, h) x 
(j){v2,V2,l2), where (/) is the map and Ij :— f*vj- In other words we have a 
relation between Zj and z'^ : 

z'j ^ dp{v„v'^,l,){z,) (18) 

Thus, / is completely determined by parameters Vj e Vj := C", v'^ G V^' := 
C" and /, e Lj := Gl{n), j = 1, 2. 



4.3 Reflection principle with parameters 

The local construction recalled in previous paragraph is in fact global because 
of its algebraic nature. The map / was locally expressed in terms of parameters 
{v,v',l) = (?;,/(«),/*„) e P, where v := (^i, and 

n 

Using the same algebraic relations globally, we shall obtain a constructible fam- 
ily F C P x x W' such that the graph F/ is an open subset of the closure 
of the fibre Fp for generic v and p = (w, /(u), /*t,) (this will be made precise 
below). 

We start with construction of a constructible family for the map 

^{z,z',qy.Q,~.Q'^, 
m (0). For this we consider the constructible subset 



$ C Gl{n) X Z xW X Z' xW' 

defined by relations (||), (||), and (||). The relations (^ provide the existence of 
TTziw) and it'^,{w') respectively. Furthermore, we have seen that 



{f^z,z,wJ{z)J{w)) e $ 
for {z,ili) G Ti near (^0,^0)1 £^nd tt^ and tt^/ are local invertible there 



(Lemma 4.1). To provide this local invertibility "globally", we assume, changing 



if necessary to a smaller constructible subset of $, that 

det^^O, det^^^O. (19) 

The set $ defines now a family of possibly multiple- valued maps 

4>iz, -z',qy.Qz^Q'^,. 

Consider the complexifications H C Z x W and H' C Z' x W' . Then $ is a 
subset in Gl{n) xUxU'. 
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Lemma 4.2 The projection S:^ Gl{n) xZ' xTi has finite fibres and is locally 
biholomorphic. 

Proof. We need to prove that w' £ S'^{q, z' , z, w) depends locally holomor- 
phically on {q,z',z,w). For this it is enough to observe, that, by (p^, 7rz/(w) 
is locally invertible and, by (||), w' — (7r^,)~^(J„_i(q)(7r2(w))). Since the above 
fibres are constructible, they are finite. 

Q. E. D. 

In the following let 4> denote the multiple- valued map defined by $. Since 



every value of (j) is, by Lemma 4.2, locally holomorphic in w, we can discuss its 
differential — 4>{q, z' , z, w), which is also possibly multiple- valued. 

For the construction of the required family we need to consider auxiliary 
parameter spaces A := Z x Z' x Glin) for n > 2 and A:= {Z x Z'Y for n = 2. 
Let FcAxPxWx W be the constructible subset defined by relations (||), 
(|): §): ® and (|l|) in case n>2 and by (^, (|l|), (|l|), (|l|) and ® in case 
n = 2. 

Passing if necessary to a constructible subset, we can require that in case 
n > 3 all Qy. 's and are transverse in z and all Q^/ 's and Q'^, are transverse 

in z' . In case n = 2 we require that each Qy. is transverse to Qw in Zj and Qz^ 's 
are transverse in w and, similarly, each Q' , is transverse to Q^/ in z'a and Q' , 's 

are transverse in w' . 

Further, by Theorem of Chevalley, the projection 7r{F) of F on P x 
W X W' is also constructible. We don't have in general a local biholomorphic 



property as in Lemma O for tt{F), but we still can prove the finitcncss: 



Lemma 4.3 The projection a: Tr{F) P x W has finite fibres. 

Proof. Let fix (p, w) G P x W. Let {p,w,w') E F he any point. By the 
construction of Tr{F), there exist points a Cz A such that [a^p,w,w') G F. 

Case n > 2 Let a — (z, z' , q). We constructed F such that Qv^ ■ ■ ■ , Qi>„_i 
and Quj are transversal in z. Then, by (|^) and (^), the set of possible z G Z is 
discrete and therefore finite. Further, by (p|) and ([T^), only finitely many z'^s 
and g's are possible. Here we use Lemma \i.2\ Now w' g W' is determined by 
(||), which implies finiteness of the set of w"s. 

Case n = 2 Let a — (zi, z[, Z2, z'2)- By definition of F2, Qw and Qy. are 

transverse in Zj . Then there are only finitely many possible intersections Zj . By 

(ISh, the number of possible z'-'s is also finite. Finally, since Q' , are transverse 
— J j 

in w' , the number of possible ^''s is also finite. 

Q. E. D. 
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Now let / e Auta{D) be fixed and H = Hi, H' = Hi for i = i{f) (we defined 
i{f) by the condition f{Hi nU) C Hi for some open U C C" with HiCiU ^ 0). 
By our construction, {v, f{v), ft,v,w, f{w)) G 7r(J^) for all {v,w) in some open 
subset Ui CV xW. Here we wish to point out that the family 7r(F) depends on 
the index i — i[f ). To include all automorphisms / € Auta{D), we just consider 
the finite union of 7r(F)i C P x W x W for all possible i = i{f), f € Auta{D) 
and denote it again by F. 

The set F is constructible, i.e. a finite union of locally closed algebraic 
subvarieties. It follows that the set 

E{f) {{v,w) e I {v,f{v),U,,w,f{w)) i F} 

is analytically constructible, i.e. a finite union of locally closed analytic sub- 
varieties. If is outside the closure of E{f), we have {p,w, f{w)) S F for 
p = {v , f (v) , f^^v) G P. This means that the graph Tf := {{w,f{w)) \ w G D} 
lies in the closure of the fibre Fp. 

Now we wish to prove main result of this section. 

Proposition 4.1 Let P, W and W be as above. There exist constructible 
subsets F C P X W X W' and E C P x V x W such that 

1. The projection a: F P x W has finite fibres; 

2. For every fixed f G Auta{D) there exists a proper subset E{f) C -D""*"^, 
such that for all {v,w) G {D"-~^^)\E{f) and p = («,/(«),/*„) G P one has 
{p,w, f{w)) G F, the graph T f is a subset of the closure of the fibre Fp 
and E{f) C Ep; 

3. Ep is of complex codimension at least 1 inVxW. 

We need the following lemma. 

Lemma 4.4 Let A, B and C d A x B be constructible subsets of arbitrary 
algebraic varieties. Then the fibrewise closure of C in Ax B, i.e. the union 
of closures of the fibres Ca ■— ({a} x B) n C , a G A is constructible. 

The proof is based on the following fact (see Mumford, Q, Corollary 1, 
p. 71). Recall that a morphism is dominating if its image is dense. 

Proposition 4.2 Let X andY be two complex algebraic varieties, f:X be 
a dominating morphism andr = dimX — dimK. Then there is a nonempty open 
set U CY such that, for all y <eU , f^^{y) is a nonempty "pure" r-dimensional 
set, i.e. all its components have dimension r. 
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Proof of Lemma |4.4| . We first observe that given two constructible subsets 
Ci,C2 C Ax B which have constructible fibrewise closures, the union C — CiU 
C2 has also this property. Changing to locally closed irreducible components, 
we can assume that A, B and C are irreducible algebraic varieties. 

Now we prove the statement by induction on dimension of A. In case 
dim A — the fibrewise closure of C is just the closure of C which is con- 
structible. 

Let TT-.C^A denote the projection of the closure C on A. We can assume 
TT to be dominant, otherwise A is replaced by the closure of tt{C) which has a 



smaller dimension. Now we apply Proposition 4.2 to the projection tt and obtain 
an open subset U C A, such that the fibre's over U have pure dimension dim C— 
dim A. We have a partition A = UU{A\U) of A and the corresponding partition 
C = (Ci U C2) (Ci := C n ([/ X B), C2 := C n {{A\U) x B)). By the above 
observation, it is enough to prove the statement for Ci and C2 separately. The 
statement for C2 follows by induction, because dim{A\U) < dim A. Therefore 
we can assume A = U. 

Now we consider the irreducible components Ci of C\C, dimC^ < dimC. If 
Si n{Ci) ^ A for some i, then we replace A by A\Si and correspondingly C 
by C n TT~^ {A\Si) . Thus we may assume that n-.d^A is dominaiting for all 
i. Then we can apply Proposition [1.2| to every d and obtain a number of open 
sets Ui C A. Let U be the intersection of all Ui's. Since A is irreducible, U is 
not empty. Again, proceeding by induction, we can reduce the statement to the 
case A = U. But in this case the fibres of C are of pure dimension dimC — dim A 
and the fibres of C\C have smaller dimension. This implies that the fibrewise 
closure of C coincides with the usual closure C which is constructible. 

Q. E. D. 



Proof of Proposition 4.1. Statement 1 follows from Lemma |4.3| . It follows 
from the local Webster's construction (section]^) that {p,w, f{w)) G F (p = 
{v, f{v), fi,v)) for all {v,w) in an open subset U C This means that U 

lies in the complement of the " exceptional set" E{f). Let il{f) := D"^^\E{f), 
i.e. 

nif) = {{v, w) e I {v, f{v), U,,w, /H) e F}. 

The set E must be globally defined independently of any automorphism 
/ G Auta{D). For this it is necessary to define ri(/) in another way. Changing 
if necessary to a constructible subset of F, we may assume that the projection 
c^p-Fp ^ W is locally biholomorphic and ^{f) still contains an open subset 
U C 1?"+^. Then the differentials are certainly defined. We now define the 
family F' C F x Gl{n) of differentials by adding values of 

(9?// 

F' ■.= {{p^yo,w',q)eFxGl{n)\q^—} 
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This is a constructible set and we have (w, /(w), f*v,w, f{w), J*™) G F' for (w, w) 
in some open set U C 1?"+^. Now we write the definition of f2(/) in the form: 

n{f) ■.= {{v,w)eVxW\ iorv' = f{v),l = U,,w' = f{w) : 

{v,v',l,w,w') e F}. 

Now we define a set ft which contains ^{f) for all / G Auta{D): 

n := {{p, V, w, v' ,w' ,1) e P X V X W X V' X W' X Gl{n) \ 

Vj : {p,Vj,VjJj) e F' A {p,w,w') e F A {v,v' ,l,w,w') G F}. 

For / G Auta{D), {v, w) G [/, and p = (u, f{v), we have 

(w,-u;, /(«),/(«;),/„) G 17p. 

Let fi' be the fibrewise closure of O, i.e. the union of all closures of f]p, p G P. 
By Lemma 4.4, Vl' is constructible. Finally, we define E C P x V x V7 to be 
the projection of on P x y x VK. By Theorem of Chevalley, is 

constructible. 

We now wish to prove that every fibre Ep is of codimension at least 1. For 
this we note that for p ^ P fixed the projection oi Hp on V x W has finite fibres, 
i.e. dim rip < dim(F x W). This imphes dim(il'\17)p < dini(T^ x W) and Ep is 
of codimension at least 1 as required in statement 3. 

We take now any {v, w) G 1?"+^ outside E{f) and set p = {v, /(«),/*«)■ For 
the proof of statement 2, consider / G Auta{D), take {v,w) G D'^~^^\E{f), and 
set p = {v, f{v), We shall prove that E{f) C Ep. Let (wo, wo) G E{f) be 

any point. If (w,w) G U, we have 

which implies 

{P,v,wj{v),f{w),f^y) G fJ. 

Here {v,w) € U is arbitrary. Since / is holomorphic, we have this property 
globally for all {v,w) G Z?""*"^ if we replace with its fibrewise closure fi'. In 
particular, we have 

(wo,wo,/(wo),/(wo),/™o) e f^p. 
Since {vo,wo) G E{f), the point 

(wo,/(wo),/™o)W'o,/(wo)) 
does not lie in P. This implies that 

does not lie in 17p and then it is in il,p\il,p. This means (wo,wo) G Ep, which is 
required. The proof of Proposition 4.1 is finished. 

Q. E. D. 
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5 The choice of parameters 



In the previous section we proved the existence of a constructible algebraic 
family F C P xW x W with the property that for all / € Auta{D) there exists 
a point p G P such that 

T/ C T^p. (20) 

The goal of this section is to choose for every / appropriate parameter p with 
this property and obtain a map « from Auta{D) in the corresponding parameter 
space P. The first idea is to take some generic v E V{:= ViX ■ ■ ■ xVn = C"^ ) and 



to define p = {v, f{v), /*„). If (w, w) ^ E{f), Proposition 4J yields the required 
property (pO[). However, if we wish to define a global map Auta{D) — > P, the 
condition {v^w) ^ E{f) must be satisfied for all / € Auta{D). Unfortunately, 
this is not true in general. It is therefore necessary to take sufficiently many 
points (v^.w^j) E V xW instead of one such that {v^j,,Wf^) ^ E{f) is 

always true at least for one ji. In fact, we prove the following Proposition. 

Proposition 5.1 There exists a natural number N , a constructible subset F C 
P^ xWx W' and a collection of points ui, . . . , u,„ G D, m = uN, such that 

1. the projection a: F ^ P^ x W has finite fibres, 

2. for all f e Auta{D) the graph Tf is a subset of the clo- 
sure Fi(^f), where the map i: Aut{D) — > P^ is given by i{f ) = 



Remark 5.1 Once the set ui, . . . , Vm is chosen, we can add to it finitely many 



other V 's and not change the statement of Proposition 5. 1 



Before we start with the proof we need a technical lemma. 

Lemma 5.1 Let A, B , C d A x B be constructible sets and every fibre Ca '■= 
{b € B \ (a, b) e C} be of codimension at least one. Then there exists a finite 
number of points 6^ G i?, /i = 1, . . . , s such that for every a E A there is a point 

Proof. We first prove the statement for A a locally closed irreducible sub- 
variety by induction on dimension of A. If dim A = 0, the statement is obvious. 
Assume it to be proven for dim A < d. By definition of constructible sets, 
C is a finite union of locally closed subvarieties Ca = Ua O Fa where Ua are 
Zariski open and Fa are closed subvarieties. The subvarieties Fa are not open, 
otherwise a fibre Ca would contain an open subset. So we can choose a point 

{ao,bo) e inaUa)\iUaFo.) 
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The set A' of points a E A, such that 60 G Ca, is the projection on A of 
the intersection {A x {60}) n C, which is constructible. There is an entire 
neighborhood of ao in the complement and, hence, A' has lower dimension than 
A. Now we use induction for all irreducible components of the closure A' . This 
yields a number of points 6^. These points together with bo satisfy the required 
condition. 

To prove the statement in case A is constructible we note, that A is by 
Definition 2.4 a finite union of locally closed A^'s. For every Aa with Ca '■= 
{Aa X B)nC the statement of Lemma gives a finite set of points b^. The union 
of these finite sets for all a satisfies the required property. 

Q. E. D. 



Proof of Proposition 



5.1 



Now we apply Lemma 5.1 to our situation. Let 



P' be the constructible subset of all parameters p £ P such that Ep ^ V xW \s 
of codimension at least 1. Then we set in Lemma A := P' B -.— V xW and 



C := -E n (P' xVx W). The statement of Lemma yields a number of points 



,iV. 



For every / € Auta{D) and {v,w) ^ E{f) we have by condition 3 in Proposi- 
tion 4.1, E{f) C Ep for p = (v, ,f{v), Then for some fi = 1, . . . ,N we have 



{v'^'^\ w fj,) ^ Ep, i.e. {v^f^\wfj,) ^ E{f) and, by condition 2 in Proposition 4.1 
(p, w, /{w)) e F. We obtain m — Nn points ui, . . . , Vm- 

Now we construct the required family F to be the union of the sets 
defined by 

F^:^{ip,,...,PN,w,w')eP'' xWxW'\ip^,w,w')eF}, (21) 



Statement 1 in Proposition 5.1 follows from condition 1 in Proposition 4.1 
Let t: Aut{D) P^ be the map defined by 



«(/) := («l,/(wi),/™i,---,'ym,/('Um), 



(22) 



It is in fact a product of Cartan maps Cv'- f ^ {f{v),f*v) and is therefore a 
homeomorphism onto its image. Statement 2 in Proposition 5.1 follows now 



from the above choice of Vj^s. 



Q. E. D. 



6 Defining conditions for Auta{D) 

In Proposition we constructed a map i: Aut{D) P^ . Our goal here is 
to give semi- algebraic description of the image i{Auta{D)) and to prove the 
following Proposition. 
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Proposition 6.1 The image i{Auta{D)) and the set of all graphs 

r {(z(/), w, f{w)) I / e AutaiD) Aw&D} 
are semi- algebraic. 

6.1 Reduction to a fixed pattern. 

In Proposition we obtained a constructible family F C x W x W . Our 
goal now is to find a stratification of P^ x W such that F has a simplicr form 



over each stratum. This is done by applying Theorem 2.2 on local triviality of 
semi-algebraic morphisms. 

To simplify the notation we shall write P for P^ . We first consider the pro- 
jection a: F ^ PxW. Since we are interested only in points over PxD C PxW, 
we write F C P x D x W for the intersection with P x D x W'. Since 
D is semi-algebraic, F is semi- algebraic. The proj ection a: F P x D is 
a continuous semi-algebraic map (see Definition 2.2|) and we can apply Theo- 
rem |2.2| on local triviality. Theorem 2.2 yields a finite semi- algebraic stratifi- 



cation {Yi, . . . ,Yh} of P X D (see Definition |2.3| ), a collection of semi-algebraic 
typical fibres {Ei, . . . ,Eh} and a collection of semi-algebraic structural homeo- 
morphisms 

i,:Y,x E,^a~\Y,), i = l,...,h (23) 



(the Si's here are the inverses of the QiS in Theorem 2.2). By statement 1 in 



Proposition 5.1, every typical fibre Ei is finite. 

The semi- algebraic stratification {Yi\ of the product PxD defines a strat- 
ification of every fibre {p} x D. This stratification depends on p G P and the 
qualitative picture (e.g. the number of open strata) can also depend on p. How- 
ever, by changing to a partition of P we reduce this general case to the case of 
fixed stratification of {p} x £), a fixed pattern. 



For this we apply Theorem 2.2 again to the projection p: P x D ^ P and 
partition {Yi, . . . , Yh} oi P x D. We obtain a finite semi-algebraic stratification 
{Pi, . . . , Pr} of P, a collection of semi-algebraic typical fibres {Gi, . . . , G^}, for 
every I — 1, . . . , r a finite semi-algebraic partition {G/i, . . . , Gm} of G/ and a 
collection of semi-algebraic structural homeomorphisms 



such that 



gV.PixGi^ p-\Pi), ; = l,...,r, (24) 
gi{PixGn)^{p-\Pi))nY,, ; = i = l,...,h. (25) 
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6.2 The set of all automorphisms. 



Here we discuss the set of all automorphisms of D the graphs of which are 
cont aine d in the closures of fibres of our family F . By condition 1 in Proposi- 
tion 5.1, only finitely many automorphisms can be contained in the closure of 
a fixed fibre. On the other hand, a fixed automorphism can be contained in 
closures of a multitude of fibres. 

Without loss of generality we assume, that {Gq, . . . , Gih] is a fini te s emi- 



algebraic stratification of Gi and Gu are connected (see Proposition 2.1 and 



Corollary 2.1 ) 



Now for fixed p G Pi we wish to determine if the fibre Fp C Dx W is related 
to some / e Aut{D). Our procedure for doing this is semi-algebraic: over 
the fixed decomposition D = UiGu (in fact only over open Gu'S) we consider 
the pieces of Fp, determined by the trivialization of it with typical fibres Ei. 
The condition that certain of these pieces fit together to form a graph of an 
automorphism proves to be semi- algebraic. 

Among the strata Gu, i ~ l,...,/i we choose the op en o ne's, which are 



assumed to be Gu, i — l,...,t, t < h. By Proposition xl, the projection 
a: F P X D has finite fibres so the typical fibres Ei are all finite. Let us fix 
a t-tuple e — {ei, . . . ,et) & E := El X ■ ■ ■ X Et- The number of possible t-tuples 
is finite. Further, we define the maps S,e,p over each open (Yi)p :— {w € D \ 
{p,w) eYijcD by 

{P,w,£,e,p{w)) = ei{p,w,ei), i^l,...,t, (26) 

where ii'.Yi x Ei — > a^^{Yi) are the trivialization morphisms in (p^). 

Proposition 6.2 Let Pi and e Cz E be fixed. The set Pe.i of all parameters 
p & Pi such that the map ^e^p extends to a biholomorphic automorphism from 
Auta{D) is semi-algebraic. 

We begi n with three lemmas. The first one is a semi-algebraic version of 



Lemma 4.4 on constructible sets. 



Lemma 6.1 Let A, B and G C A x B be semi- algebraic sets. Then the "fibre- 
wise" closure of C, i.e. the union of closures of the fibres Ga '■— ({a} x S) n C, 
a & A is semi- algebraic. 

Proof. Let X A x B and consider the partition Xi G, X2 :— {A x 
B)\G of X. Apply Theorem to the projection of X on A. To obtain the 
closures of fibres we take the closures of typical fibres Fn in Fi and their images 
in X under the structural trivializing homeomorphisms. The images are semi- 
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algebraic by Theorem 2.1. The union of these images for all i is semi-algebraic 



and is exactly the "fibrewise" closure of C. 



Q. E. D. 



Lemma 6.2 Let A, B and C, D d A x B be semi- algebraic sets. Then the set 
of a € A such that Ca C Da is semi- algebraic. 



Proof. The complement of the required set in A coincides with the pro- 
jection on A of the difference C\D. The difference of semi-algebraic set is 
semi-algebraic, the projection is semi-algebraic by the Tarski-Seidenberg theo- 
rem (Theorem ^IJ) . 

Q. E. D. 



Lemma 6.3 Let A, B,C,EcAxB and G C E x C be semi- algebraic sets. 
Then the set of all a d A, such that for all b Cz Ea the fibre G(^a,b) consists of 
exactly one point, is also semi-algebraic. 



Proof. We apply the Theorem 2.2 on local trivialization to the projection 



of G on E. This yields a partition {Yi} of E. The set E' C E oi one-point 
fibres Gi^a.b) is then the finite union of K^'s such that the corresponding typical 
fibres Fi consist of one point. It follows that E' is semi-algebraic. The required 
set in A coincides with t he se t oi a € A such that Ca C E'a. The latter set is 
semi-algebraic by Lemma |6.2| . 

Q. E. D. 



Proof of Proposition 6.2. We first consider the condition that ^e,p extends 
to a well-defined continuous map on D. This means that for any point w € 
(Xi)p ^ 0^j)pj hJ = 1, • • • the hmits of graphs of ^e,p over {Yi)p and {Yj)p 
coincide over w and consist of one point. 

For every stratum Gis, Gu, Gij, s = 1, . . . , h, i,j = 1, . . . with 



Gu C {Y^)pr\{YJ)p 

we write these conditions in a form 



i) T,{p) n {B{p) X W) = T,{p) n {B{p) X W), 



(27) 



a) \/w e B{p) : #{Ti{p) n {{w} x W')) = 1 



where 



B{p) -.^ gi{{p} X Gi,) C {p} X D 
and Tt{p) ei((Fi)p x {ej}) is the graph of ^e,p over (Yt)p. 
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Now, by Lemmas 3.1 and 6.2, the set {p G P/ | i) in ( p7| ) is satisfied } is a 
semi-algebraic subset of Pi. For the condition ii) in ( |27| ) we set in Lemma 
A := P', B := D,C VF', 

:= {few) e P' X D I w e B{p)} 

and 

G := {(p, w,w') e E xW \ w e T~{p) n X T^')}- 

Then, by Lemma |6!3| , the set {p £ Pi \ ii) in ( ^7|) is satisfied } is a semi-algebraic 
subset of Pi. 

Without loss of generality, i) and ii) are satisfied for p E Pi. Thus, the 
closures of graphs of ^e,p over {p} x D yield well-defined maps D —> W (We 
do not know yet, whether or not these maps are continuous). 

The next condition on ^e,p is 

Ce,p(D) = D, (28) 



which is, by Lemma 6.2, a semi-algebraic condition. 



Now, if conditions ( |27D and (|2^) are satisfied, we can prove that ^e,p is 
continuous. For this let Up C D denote the union of all {Yi)p^s, i = 1, . . . ,t. 
This is an open dense subset of D where S,e.p is continuous. Fix a point wq G D. 
By (p^), ^e,p('fi'o) is the only limit value of ^e,piw) for w E Up. Since ^e,p is 
bounded, we have 

^e,p(wo) = Jim^ Ce,p(w), (29) 

ujeu 

which means ^e,p is continuous. 

Thus, we obtained a family of continuous maps £,e.p from D onto D, which 
are holomorphic outside some real analytic locally closed subvariety of codi- 
mension 1. By the theorem on removable singularities, ^e,p is holomorphic on 
D. 

Further, by the theorem of Osgood (see 0, Theorem 5, Chapter 5) ^e,p is 
biholomorphic if and only if it is injective. This is the condition on fibres: 



#(Cp(y)) = i, ysD. 



(30) 



The set {p E Pi \ (^0|) is satisfied } is, by Lemma O, semi-algebraic (we set 
A := P', B -.^ W , C := D, E -.^ P' X D C Ax B and G is the family of graphs 
of ^e,p). This finishes the proof of Proposition |6.2| . 

Q. E. D. 
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6.3 The image t{Auta{D)) and the set of associated graphs. 



Here we wish to prov e Proposition |6.l| . Let Pe,i be the semi-algebraic subsets 
from Proposition |6.2[ We obtain a diagram: 

P 

/ 

(31) 

Pe,i ^ Auta{D) 

where the map from P^j into P is the usual inclusion. We define P^ ; C Pe,i 
to be the subset of all points p e Pe,i, for which the diagram is commutative. 
This condition means p = {v,v',l) = {v,£,e,p{v), {^e,p)*v) and is therefore semi- 
algebraic. Therefore, P^ ; is semi- algebraic. The semi- algebraic property of 
i{Auta{D)) is a consequence of the following observation. 

Lemma 6.4 

t{Auta{D))= y p;;. 

1 = 1 r 



Proof. Let p £ i{Auta{D)), i.e. p = i{f ) for some / e Auta{D). Then, by 
Proposition 5.1, Tf C Fp. We have p G Pi for some I — 1, . . . ,r. The graph 
Tf defines sections in F over every connected open stratum (ii)p, i — 1, . . . ,t. 
This means that for some choice e £ E we have / = ^e,p- Then ^e,p G Auta{D), 
which implies p e P^^i- Further, the equality / = ^e,p means that diagram (pW 
is commutative for p. Then p £ P^ ^ and the inclusion in one direction is proven. 

Conversely, let e G i? be fixed and p £ P'^i- Since p £ Pei, f '■— ^e,p is an 
automorphism in Auta{D). The commutativity of diagram (|3l( ) meansp — i{f). 
This implies p € i{Auta{D)), which proves the inclusion in other direction. 

Q. E. D. 



Proof of Proposition 6.1. The family 

F := {(z(/), w, f{w)) I / e AutaiD) AweD} 

over Pg ; coincides now with the family of graphs of ^e,p- The latter is, by 
construction, semi-algebraic and Proposition is proven. 

Q. E. D. 



7 Semi-algebraic structures on Auta{D) 



Here we finish the proof of Theorem 1.3, In previous section we considered 
imbeddings i: Aut{D) P^ . Here we wish to change to Cartan imbeddings 
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Cvif) := (/(«),/*«)■ By Proposition i is given by i{f) = 
where v — (wi, . . . , Vm) G -D™. 

The image C^j {Auta{D)) is equal to the projection of i{Auta{D)) on x 
(we use our notations = f{vj) £ Ij — G Lj). By Theorem ^A] 
of Tarski-Seidenberg, Ct,^ (Auta(£')) is semi-algebraic. Further, it is semi- 



algebraically isomorphic to i{Auta{D)). By Remark 5.1, any v and v' can be 
among vj's. Thus we obtain the following result. 

Proposition 7.1 Let v (z D be any point. The image Ci,{Auta{D)) is semi- 
algebraic and this semi- algebraic structure is independent ofvCzD. 

Now we fix some v £ D and denote by K the image Cv{Auta{D)) C D x 
Gl{n). The family T' C C^{Auta{D)) x D"^ of graphs over Cy{Auta{D)) is a 
projection of F and is therefore semi-algebraic. To simplify our notation we set 
P -.^Dx Gl(n), and F F'. 



Statements 2 and 3 in Theorem 1.3 can now be formulated as follows 



Lemma 7.1 With respect to the group operation of Auta{D), K is a Nash group 
and the action on D is Nash. 

Proof. We consider the graph of the operation (x,?/) ^ xy""^ in K^. For 
this, start with the family T d KxDxD and define a new family Fi C x 

by 



Fi := {(a:, y, z, w, w', w") e x \ {y, w' , w) G F A {x, w' , w") e F}. (32) 

The conditions in ( ^2[ ) express the fact that y^^ K transforms w in 
w' and X € K transforms w' in w" . The projection F2 of Fi on x 
(with coordinates (x,y, z,w,w")) is, by the Theorem of Tarski-Seidenberg, 
semi-algebraic. Now the condition z — xy"^ means that the graphs of z 
and xy~^ coincide, i.e. the fibres (T2)(^x,y,z) and (F3)(^ j, ^-j coincide, where 
Fa := {(x, y, z, w, w") \ (z, w, w") S F} is an extension of F. 



By Lemma 6.2, the coincidence of fibres is a semi-algebraic condition on 
{x, y, z) £ K^. This proves that the graph of the correspondence {x, y) 1-^ xy~^ 
is semi-algebraic, which means that the group operation is semi-algebraic. Since 
the latter is also real analytic by Theorem of Cartan, K is an affine Nash group. 
Furthermore, the graph F of the action K on D is semi-algebraic and real 
analytic and therefore Nash. 

Q. E. D. 



It remains to prove statement 1 in Theorem 1.3 which asserts that Auta{D) 
is a Lie subgroup of Aut{D). 
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Proof of statement 1. We begin with the semi-algebraic set K. By 
Proposition 2.1, it admits a finite semi-algebraic stratification. Let x £ K he a, 
point in a stratum of maximal dimension. Then there is a neighborhood Ux <Z P 
of x, such that KOUx is a closed real analytic submanifold of Ux- The preimage 
K' := C^^{K O Ux) is a closed real analytic submanifold in the neighborhood 
Uf := C~\Ux) of / := C7^(a:). Since Auta{D) is a subgroup of Aut{D), we 
see that Auta{D) n (/^^ 'Uf) = /^^ • i^' is a closed real analytic submanifold in 
the neighborhood f^^ ■ Uj of the unit id E Aut{D). This implies that Auta{D) 
is a real analytic subgroup of Aut{D). Q. E. D. 
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